A note on 2-dimensional Finsler manifold by Faghfouri, Morteza & Hosseinoghli, Rahim
ar
X
iv
:1
50
9.
09
17
2v
1 
 [m
ath
.D
G]
  3
0 S
ep
 20
15
Noname manuscript No.
(will be inserted by the editor)
A note on 2-dimensional Finsler manifold
Morteza Faghfouri · Rahim Hosseinoghli
Abstract We solve the following problem for n = 2 : Is any n-dimensional
Finsler manifold (M,F ) with a function f which is nonconstant and smooth
onM satisfying
∂gij
∂yk
∂f
∂xi
= 0, a Riemannian manifold? The problem for n > 2
remains open.
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1 Introduction
The notion of doubly warped product manifolds has an important role in
Riemannian geometry and its applications. For example, Beem-Powell in [2]
studied this product for Lorentzian manifolds. Then Allison in [1] considered
global hyperbolicity of doubly warped products and null pseudo convexity
of Lorentzian doubly warped products and recent years in [13], [5] and [6]
extended some properties of warped product, submanifolds and geometric in-
equality in warped product manifolds for doubly warped product submani-
folds into arbitrary Riemannian manifolds. In 2001, Kozma- Peter-Varga in
[7] defined their warped product for Finsler metrics and concluded that com-
pleteness of a doubly warped product can be related to completeness of its
components.
In [8, Theorem 3] E. Peyghan and A. Tayebi proved that: LetM1f2×f1 M2
be a DWP -Finsler manifold and f1 is constant on M1 (f2 is constant on M2).
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Then M1f2 ×f1 M2 is Berwaldian if and only if M1 is Riemannain, M2 is
Berwaldian and
C
ij
k
∂f1
∂xi
= 0. (∗)
(M2 is Riemannian, M1 is Berwaldian and C
ij
k
∂f2
∂xi
= 0).
Now we can ask this question: Is there any nonconstant smooth function on
Finsler manifold M , which satisfies (∗)?
In this paper by using partial differential equation properties, we show
that, if M is a 2-dimensional Finsler manifold and the equality (∗) holds for a
nonconstant function f , then M is a Riemannian manifold.
2 Preliminaries
Let M be a n-dimensional C∞ manifold. Denote by TxM the tangent space
at x ∈ M , by TM :=
⋃
x∈M TxM the tangent bundle of M , and by TM
0 =
TM − {0} the slit tangent bundle on M . A Finsler metric on M is a function
F : TM → [0,∞) which has the following properties:
(i) F is C∞ on TM0;
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM ;
(iii) for each y ∈ TxM , the following quadratic form gy on TxM is positive
definite,
where
gy(u, v) =
1
2
∂2
∂t∂s
[F 2(y + su+ tv)]|s,t=0.
Let (M,F ) be a Finsler manifold. The second and third order derivatives of
1
2
F 2x :=
1
2
F 2(x, y) at y ∈ TxM
0 are the symmetric forms gy and Cy on TxM ,
which called the fundamental tensor and Cartan torsion, respectively. in other
notation,
Cy : TxM × TxM × TxM → R
Cy(u, v, w) :=
1
2
d
dt
[gy+tw(u, v)] |t=0, u, v, w ∈ TxM
the family C := {Cy}y∈TM0 is called the cartan torsion, it is well known
that C = 0 if and only if F is Riemannian. let bi be a local frame for TM ,
and gij := gy(bi, bj), Cijk := Cy(bi, bj, bk). then gij(x, y) =
1
2
∂2F 2(x, y)
∂yi∂yj
and
Cijk =
1
2
∂gij
∂yk
= 1
4
∂3F 2
∂yi∂yj∂yk
. For a Finsler manifold (M,F ), a global vector
filed G is induced by F on TM0, which in a standard coordinate (xi, yi) for
TM0 is given by G = yi
∂
∂xi
− 2Ci(x, y)
∂
∂yi
, where
Gi =
1
4
gil{[F 2]xkyly
k − [F 2]xl}, y ∈ TxM.
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The G is called the spry associated to (M,F ). A Finsler metric F is called a
Berwald metric if Gi = 1
2
Γ ijk(x)y
jyk is quadratic in y ∈ TxM for any x ∈M .
For a tangent vector y ∈ TxM
0, define By : TxM × TxM × TxM → TxM ,
Ey : TxM × TxM → R and Dy : TxM × TxM × TxM → TxM by
By(u, v, w) := B
i
jkl(y)u
jvkwl
∂
∂xi
|x, Ey(u, v) := Ejk(y)u
jvk
and
Dy(u, v, w) := D
i
jkl(y)u
ivkwl
∂
∂xi
|x
where
Bijkl :=
∂3Gi
∂yj∂yk∂yl
, Ejk =
1
2
Bmjkm,
Dijkl := B
i
jkl −
2
n+ 1
{Ejkδ
i
l + Ejlδ
i
k + Eklδ
i
j +
∂Ejk
∂yl
yi}.
B, E and D are called the Berwald curvature, mean Berwald curvature and
Douglas curvature, respectively. Then F is called a Berwald metric, weakly
Berwald metric and a Douglas metric ifB = 0,E = 0 andD = 0, respectively[4].
The notion of warped product manifold was introduced in [3] where it served
to give new examples of Riemannian manifolds. On the other hand, Finsler
geometry is just Riemannian geometry without the quadratic restriction. Thus
it is natural to extending the construction of warped product manifolds for
Finsler geometry[7].
Let (M1, F1) and (M2, F2) be two Finsler manifolds and fi : Mi → R
+, i =
1, 2 are smooth functions. Let pii : M1 ×M2 → Mi, i = 1, 2 be the natural
projection maps. The product manifold M1 × M2 endowed with the metric
F : TM01 × TM
0
2 → R given by
F (y, v) =
√
f22 (pi2(y))F
2
1 (y) + f
2
1 (pi1(y))F
2
2 (v)
is considered, where TM01 = TM1− {0} and TM
0
2 = TM2−{0} . The metric
defined above is a Finsler metric. The product manifold M1 ×M2 with the
metric F (y) = F (y, v) for (y, v) ∈ TM01×TM
0
2 defined above will be called the
doubly warped product (DWP) of the manifolds M1 and M2 and fi, i = 1, 2
will be called the warping function. We denote this warped by M1f2×f1 M2. If
f2 = 1, then we have a waperd product manifold. If fi, i = 1, 2 is not constant,
then we have a proper DWP -manifold.
Let (M1, F1) and (M2, F2) be two Finsler manifolds. Then the functions
gij(x, y) =
1
2
∂2F 21 (x, y)
∂yi∂yj
, gαβ(u, v) =
1
2
∂2F 22 (u, v)
∂vα∂vβ
,
define a Finsler tensor field of type (0, 2) on TM01 and TM
0
2 , respectively. Now
let M1 ×f1 M2 be a warped Finsler manifold and let x ∈ M and y ∈ TxM ,
4 Morteza Faghfouri, Rahim Hosseinoghli
where x = (x, u),y = (y, v), M = M1 ×M2 and TxM = TxM1 ⊕ TuM2. Then
we conclude that
gab(x, u, y, v) =
(
1
2
∂2F 2(x, u, y, v)
∂ya∂yb
)
=
(
gij 0
0 f21 gαβ
)
where ya = (yi, vα), yb = (yj , vβ) and gij = gij , gab = f
2
1 gαβ , giβ = gαj = 0
and
i, j, ... ∈ {1, 2, ..., n1}α, β, ... ∈ {1, 2, ..., n2}, a, b, ... ∈ {1, 2, ...n1, n1+1, ..., n1+n2},
where
dim(M1) = n1, dim(M2) = n2, dim(M1 ×M2) = n1 + n2.
So the spray coeffcients of warped product are given by
Gi(x, u, y, v) = Gi(x, y)−
1
4
gih
∂f21
∂xh
F 22 ,
Gα(x, u, y, v) = Gα(u, v) +
1
4f21
gαλ
∂f21
∂xl
∂F 22
∂vλ
yl.
The Berwald curvature of (M1 ×f M2) is as follows:
Bkijl = B
k
ijl −
1
4
∂3gkh
∂yi∂yj∂yl
∂f21
∂xh
F 22 , B
γ
αβλ = B
γ
αβλ,
Bkiβl = −
1
4
∂2gkh
∂yl∂yi
∂f21
∂xh
∂F 22
∂vβ
, Bγiβλ = 0
Bkαβl = −
∂f21
∂xh
∂gkh
∂yl
gαβ, B
γ
ijλ = 0,
Bkαβλ = −
∂f21
∂xh
gkhCαβλ, B
γ
ijk = 0.
Theorem 21 ([8]) Let M1f2 ×f1 M2 be a DWP -Finsler manifold and f1 is
constant on M1 (f2 is constant on M2). Then M1f2 ×f1 M2 is Berwaldian if
and only if M1 is Riemannain, M2 is Berwaldian and C
ij
k
∂f1
∂xi
= 0. (M2 is
Riemannian, M1 is Berwaldian and C
ij
k
∂f2
∂xi
= 0).
Corollary 22 ([8]) Let (M1 ×f1 M2, F ) be a proper WP -Finsler manifold.
Then (M1 ×f1 M2, F ) is Berwaldian if and only if M2 is Riemannian, M1 is
Berwaldian and
C
ij
k
∂f1
∂xi
= −2
∂gij
∂yk
∂f1
∂xi
= 0.
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Theorem 23 ([9]) Let (M1f2×f1M2, F ) be a proper DWP -Finsler manifold.
Then (M1f2×f1M2, F ) is weakly Berwald if and only if M2 and M1 are weakly
Berwalds and
C
ij
k
∂f1
∂xi
= Cγνγ
∂f2
∂uν
= 0.
Corollary 24 ([9]) Let (M1 ×f1 M2, F ) be a proper WP -Finsler manifold.
Then (M1 ×f1 M2, F ) is Douglas if and only if M2 is Riemannian, M1 is
Berwaldian and
C
ij
k
∂f1
∂xi
= 0.
Theorem 25 A DWP-Finsler manifold (M1 ×f1 M2, F ) with isotropic mean
Berwald curvature is a weakly Berwald manifold provided that
C
ij
k
∂f1
∂xi
= 0 or Cγνγ
∂f2
∂xν
= 0.
3 Main result
Theorem 31 If (M,F ) is a 2-dimensional Finsler manifold and f is noncon-
stant smooth function on M satisfying
∂gij
∂yk
∂f
∂xi
= 0, (1)
then M is a Riemannian manifold.
Proof Let f be a nonconstant smooth function on M which satisfies (1). Then
we have
gij
∂f
∂xj
= ci(x), (2)
where ci(x) is a smooth function on M . The above Equ. (2) implies that
∂f
∂xk
= ci(x)gik, and
∂f
∂xj
=
1
2
ci(x)
∂2F 2
∂yi∂yj
. (3)
By integrating (3) with respect to yj we obtain
2
∂f
∂xj
yj = ci(x)
∂F 2
∂yi
. (4)
By Choosing u = F 2, Aj =
∂f
∂xj
in the equation (4), we have the following
PDE equation
c1
∂u
∂y1
+ c2
∂u
∂y2
= 2A1y
1 + 2A2y
2. (5)
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The general solution of PDE equation (5) are given by
F 2 = u =
A1
c1
(y1)
2
+
A2
c2
(y2)
2
+ ϕ(c2y1 − c1y2) (6)
where ϕ is an arbitrary smooth one variable function [10]. Since u is homoge-
neous of degree 2 so ϕ is homogeneous of degree 2, too. That ϕ is one variable
implies that ϕ(t) = at2, where a is a real constant, so we have
F 2 =
A1
c1
(y1)
2
+
A2
c2
(y2)
2
+ a(c2y1 − c1y2)2. (7)
The Cartan torsion
Cijk =
1
2
∂gij
∂yk
=
1
4
∂3F 2
∂yi∂yj∂yk
= 0
thus M is Riemannian.
Corollary 32 Let (M1, F1) and (M2, F2) be Finsler manifolds with dimM1 =
2, dimM2 = n2 and fi :Mi → R, i = 1, 2 are positive smooth functions.
1. A proper (2+n2)-dimensional WP -Finsler manifold M1×f1M2 is a Berwald
manifold, if and only if it is a Riemannian manifold.
2. A proper (2 + 2)-dimensional DWP -Finsler manifold M1f2 ×f1 M2 is a
weakly Berwald manifold, if and only if it is Riemannian manifold (dimM2 =
2).
3. A proper (2+n2)-dimensional WP -Finsler manifold M1×f1 M2 is a Dou-
glas manifold, if and only if it is a Riemannian manifold.
The authors have not succeeded in finding a counterexample to the following
problem. They conjecture that it might be true but, unfortunately, they have
been unable to provide a proof for it.
Problem.
Is any n-dimensional(n > 2) Finsler manifold (M,F ) with function f which is
nonconstant and smooth on M satisfying
∂gij
∂yk
∂f
∂xi
= 0, a Riemannian mani-
fold?
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